Recent progress in the field of topological states of matter 1,2 has largely been initiated by the discovery of bismuth and antimony chalcogenide bulk topological insulators (TIs) 3−6 , followed by closely related ternary compounds 7−16 and predictions of several weak TIs 17−19 .
Previously reported crystal-growth techniques 20, 22 were optimized to produce β-Bi 4 I 4 single crystals up to 10 × 1 × 0.5 mm in size ( Fig. 1c and Methods). The crystals demonstrate a high degree of crystalline order with no intergrown domains, stacking faults or other defects (Supplementary Information). The material thus appears to be practically defect-free, which implies a low concentration of intrinsic charge carriers. The anisotropy of the β-Bi 4 I 4 crystal structure is reflected in the needle-like shape of the single crystals. The longest dimension corresponds to the b axis, i.e. oriented along the one-dimensional chains. Closer inspection of the crystals reveals the presence of cleavage planes parallel to that direction (Fig. 1d ).
The motivation for the experimental investigation was the result of first-principles electronic structure calculations showing that β-Bi 4 I 4 would exhibit a topologically non-trivial phase (see Methods and Supplementary Information). The electronic band structure of β-Bi 4 I 4 calculated using the density functional theory (DFT) approach, along a path in k-space including all inequivalent time-reversal invariant momentum (TRIM) points in the bulk BZ (indicated in Fig. 2a ), is shown in Fig. 2b (dashed lines). These calculations predict an indirect band gap of 0.158 eV, with a valence band (VB) maximum at the Γ point and a conduction band (CB) minimum at the M point. The band dispersion is relatively weak along the AΓYM path, which corresponds to the inter-chain bonding directions, and strong along the BΓ direction oriented parallel to the chains, thus reflecting the quasi-1D character of β-Bi 4 I 4 . This compound has a centrosymmetric crystal structure, hence its Z 2 topological invariants (ν 0 ;ν 1 ν 2 ν 3 ) can be computed using the method of Fu and Kane 23 . According to our DFT calculations, β-Bi 4 I 4 would be a weak TI with the Z 2 indices (0;001). The topological non-triviality of this material stems from the spinorbit-induced band inversion at the M and Y TRIM points (Fig. 2c) We note that the small energy difference of 0.163 eV between VB and CB states at the M point casts doubt on the results of the DFT calculations, which are known to have limited predictive power when it comes to materials in the proximity of topological phase transitions 25 .
The inaccuracy of the standard DFT method can be corrected using rigorous first-principles many-body perturbation theory approaches, such as the GW approximation 26, 27 . This methodology has proven to provide a quantitative description of the electronic structure of bismuth chalcogenide TIs 28−30 . Indeed, our GW calculations show that the band inversion takes place only at the Y TRIM point (Fig. 2c) . This changes the Z 2 indices to (1;110), thus classifying β-Bi 4 I 4 as a strong TI, with no other known or proposed materials in this topological class. The change of topological class has a pronounced effect on the band dispersion of topologically protected surface states. For the DFT-predicted (0;001) weak TI phase, there are no topological surface states present at the (001) surface that is parallel to the b direction of the crystal. In contrast, the (100) surface, which is also oriented along the b direction, hosts topological states with a characteristic Dirac "groove" dispersion (schematically shown Fig. 2d ). These surface states show linear dispersion along y, but are practically dispersionless along z (Supplementary Figure S6) . In contrast, the strong topological protection in the (1;110) Z 2 class materials implies the presence of topologically protected states characterized by a Dirac cone dispersion at all surfaces, independent of their orientation. Figs. 2e and 2f show the surface-projected bulk band structure and momentum-resolved local density of states at the (001) surface of β-Bi 4 I 4 , obtained from our calculations employing GW corrections. Both bulk and surface states are revealed in these plots. Magnified views of the band dispersion, in which valence and conduction bands are distinguished from the Dirac fermion surface states filling the small band gap (direct band gap of E g = 0.037 eV at the Y point, according to our GW calculations), are shown in the insets of Figs. 2e and 2f. The Dirac point of the surface states is located at the point of the surface BZ, which corresponds to the projection of the M and Y points of the bulk BZ (Fig. 2a) . This is in striking contrast to the binary and ternary bismuth-based layered TIs of the (1;000) class, in which the Dirac cone of the surface states is located at the point. Another important difference is related to the quasi-1D structure of β-Bi 4 I 4 , which results in a strong anisotropy of the surfacestate Dirac fermions. According to the GW calculations, the Fermi velocity of the Dirac fermion M Γ surface states along the chain-like building block (ν Fy = 0.57×10 6 m/s) is over five times larger than that in the perpendicular direction (ν Fx = 0.10×10 6 m/s).
In order to further elaborate on the topological classification of β-Bi 4 I 4 , we discuss the topological phase diagram introduced in Fig. 2g . In this phase diagram, the role of intensive parameter is played by the energy-independent quasiparticle shift, ΔE QP , which is a shift of the conduction bands with respect to the valence bands before spin-orbit interaction is introduced 28 .
The origin ΔE QP = 0 eV corresponds to the results of DFT calculations predicting (0;001) Z 2 indices for this material. Upon increasing ΔE QP , the system initially undergoes a topological phase transition to the (1;110) phase (ΔE QP = 0.22 eV), followed by another transition to the (0;000) trivial insulator phase (ΔE QP = 0.50 eV). The latter phase is characterized by the absence of band inversion. As expected, both topological phase transitions are characterized by the complete closure of the band gap. The region of existence of the (1;110) phase is rather narrow, which suggests that β-Bi 4 I 4 can be easily shifted across both topological phase transitions, for example by means of applied external pressure or by tuning the chemical composition. The results of aforementioned GW calculations roughly correspond to ΔE QP = 0.428 eV, which places β-Bi 4 I 4 in the middle of the region of existence of the (1;110) phase. These calculations are supported by resistivity measurements that confirm a small band gap E g = 0.036 eV in this material (Supplementary Information). A more comprehensive experimental evidence supporting our theoretical findings comes from angle-resolved photoemission spectroscopy (ARPES), which allows a mapping of the band structure over the whole reciprocal space.
Our ARPES measurements were performed on in situ cleaved single crystals of β-Bi 4 I 4 that reproducibly exposed the (001) surface (see Methods). This is confirmed by the periodicity of a typical ARPES intensity map measured at E bind = 0.040 eV, shown in Fig. 3a . 22 , with a small concentration
of intrinsic charge carriers compared to binary bismuth chalcogenide TIs 5, 6 . The sole observation of such a prominent gapless feature rules out the other two phases, (0;001) and (0;000), for which the (001) surface is predicted to be gapped, thus proving the existence of the (1;110) strong TI phase in β-Bi 4 I 4 . Further investigation the Λ-shaped band using photons in a broad range of energies shows the constancy of both its dispersion and the position of the crossing point, therefore strongly supporting its surface-state origin (Supplementary Figure S9) . The k z dispersion measurements also rule out the possibility that the observed crossing is of Dirac semimetal type, which could be realized exactly at a transition between two different phases present in topological phase diagram (Fig. 2g ).
We note, however, that due to the small size of the bulk band gap and a very low k z dispersion of the bulk valence band (15 meV along the M−Y direction according to our GW calculations, cf. Fig. 2b ) it is not possible to unambiguously discern bulk states from the topological surface states at the crossing in our ARPES measurements. As seen in Fig. 3e , the amplitude of the surface states largely outweighs those of the bulk states in the surface region, and therefore the former dominate the ARPES signal. This is not uncommon also in the bismuth chalcogenides TIs, where the bulk states often show much smaller ARPES intensity compared to the surface Dirac cone, but can still be detected owing to a larger magnitude of the gap.
5 Figure   3f shows a close-up of the Λ-shaped band at the point measured with a 6 eV laser. The angle and energy resolutions are comparable to the synchrotron measurements, but due to the low photon energy the momentum resolution is greatly improved. The band dispersion is now clearly defined also for the low-energy states and presents a clear picture of the band crossing at k y = 0. The importance of momentum resolution for accessing the surface-state dispersion at these conditions is further illustrated in Figure 3g , where we compare two EDCs at measured using hv = 6 eV and hv = 68 eV photon energies, respectively. At hv = 68 eV the limited momentum resolution results in two broad structures with an undefined intensity in between, while at hv = 6 eV the intensity peaks strongly at ca. 60 meV binding energy, and a much smaller peak induces a shoulder (arrow in Fig. 3g ) that we attribute to the bulk VB maximum.
We have also investigated the band dispersion at the point after depositing potassium atoms that donate electrons to the conduction states thus producing a rigid downward shift of the bands by up to 0.25 eV (Supplementary Figure S11) . These measurements allowed a more detailed investigation of the dispersion of the bulk conduction band. By extracting the quasiparticle energies of the valence and conduction bands where the states are expected to be of bulk character (at least ca. 0.1 eV away from the crossing) from fits of the momentum distribution curves, we were able to estimate a band gap value of 50 meV at k z that corresponds to hv = 73 eV (Supplementary Figure S12) .
To summarize, we reported the joint theory-experiment discovery of a novel topological insulator phase in the binary bismuth iodide β-Bi 4 I 4 . This material is chemically and structurally well defined and is less prone to structural defects compared to bismuth chalcogenides. Even though the bulk band gap is small, the material is characterized by a low concentration of M M M intrinsic charge carriers, and hence, the proximity of the Fermi level to the Dirac point energy of the topological surface-state band. Importantly, the quasi-1D structure of β-Bi 4 I 4 results in highly anisotropic surface-state Dirac fermions and suggests the possibility of combining topological order with other types of ordering characteristic to one-dimensional systems, such as the charge density wave. Moreover, being a (1;110) strong TI, this material is placed in proximity to two distinct topological phase transitions, leading to a (0;001) weak TI and a (0;000) trivial insulator, which presents further opportunities for exploring topological physics. states at the point as a function of distance to the surface and energy relative to the surfacestate Dirac point. This demonstrates strong surface localization of the topological Dirac fermion states (E = 0 in this plot). f, Details of the band dispersion around the point measured with a UV laser (hv = 6 eV). g, Energy dispersion curves (EDCs) at for hv = 6 eV and hv = 68 eV measurements. The arrow points to the shoulder attributed to the bulk VB.
Methods
Materials synthesis and characterisation. Based on the chemical transport reactions described in Refs. 20,22, we used elemental bismuth and HgI 2 as starting materials in two ratios, 1:2 and 1:4, amounting to ca. 2 g in total. The mixtures were sealed in silica ampoules under dynamic vacuum and placed into the temperature gradient of 210/250ºC for up to 20 days. The colder end of the ampoule was tilted upwards at ca. 25-30 degrees. Both batches produced large crystals of β-Bi 4 I 4 (up to 10 × 1 × 0.5 mm) with the needle-like morphology. It was observed that the excess of HgI 2 results in somewhat longer crystals, however, some of them were unusable due to surface contamination by mercury.
Crystal composition was verified by electron-dispersive X-ray spectroscopy on a Hitachi SU8020 microscope (30 kV, Oxford Silicon Drift Detector (SDD) X-Max N ) using Bi-M and I-L series. The crystal structure of several single crystals was tested by an X-ray diffraction study on an automated imaging plate diffractometer IPDS-II (STOE), Mo Kα -radiation, room temperature. The structural refinements were in complete accordance with the earlier reported data (Supplementary Information). Furthermore, high-resolution transmission electron microscopy studies were performed on thin lamellas cut out of the single crystals by ultramicrotomy (Ultracut, Leica Microsystems) on a FEI Titan F20 C S -corrected microscope (at 80 kV and at 300 kV).
First-principles calculations. The first-principles electronic structure calculations at the level of density functional theory (DFT) were performed employing the generalized gradient approximation (GGA) 31 as implemented in the Quantum ESPRESSO package 32 . Spin-orbit effects were accounted for using fully relativistic norm-conserving pseudopotentials acting on valence electron wavefunctions represented in the two-component spinor form 33 . The DFT-GGA calculations were carried out using an 8×8×6 k-point mesh and a planewave kinetic energy cutoff of 50 Ry for the wavefunctions. We used the experimentally determined crystal structure from Ref. 20 .
The many-body perturbation theory calculations within the GW approximation were performed using the BerkeleyGW code 34 . The quasiparticle self-energy corrections were evaluated at the G 0 W 0 level starting from non-relativistic DFT-GGA results using the approach of Hybertsen and Louie 27 . We employed a 6×6×4 k-point mesh, 2000 conduction bands and wavefunctions obtained using an increased planewave kinetic energy cutoff of 100 Ry for evaluating both the dielectric matrix and self-energy corrections. These parameters ensure convergence of the quasi-particle shift at the Y point with respect to the number of bands and cutoff is of the order of the meV.
The GW-corrected band structure and surface states were computed with the help of a tight-binding Hamiltonian constructed using the bulk Wannier functions 35 obtained from the nonrelativistic DFT-GGA wavefunctions and the GW-corrected eigenvalues. The effects of spinorbit interactions were included by extracting the spin-orbit Hamiltonian from relativistic DFT-GGA calculations and adding it to the GW-corrected non-relativistic tight-binding Hamiltonian. From the full tight-binding Hamiltonian, we computed the left and right surface Green's functions g L (E, k || ) and g R (E, k || ) of the semi-infinite surface models using the analytic closed form solution of Ref. 36 . The corresponding bulk Green's function G(E, k || ) was obtained using
, where t is the interlayer hopping matrix. Momentum- more than twice better, thanks to the low photon energy. The beam spot size was smaller than 100 × 50 µm on Merlin and smaller than 50 × 50 µm on the laser setup. This was a key point for the outcome of the experiments given the small size of the needle-like domains in this material.
Sample preparation and characterization

Crystal growth
In this work, a great deal of effort was paid to the optimization of the crystal growth technique for β-Bi 4 I 4 . Earlier attempts resulted in crystals of 1.5 mm in length and 0.2 mm in width, which hampered direct measurements of physical properties and made results and interpretation inconclusive 20 . A more recent contribution 22 has provided improvement of the synthetic procedure, which allowed the first experimental measurements on β-Bi 4 I 4 crystals.
We used the same gas-phase approach as in Refs. 20,22, with bismuth metal and HgI 2 being the starting materials, and were able to produce crystals of 10 × 1 × 0.5 mm in size. We have optimized the synthetic protocol with respect to ampoule volume, temperature gradient and duration of annealing. Generally, longer annealing times and smaller gradients favor larger crystals; however the competing process of intergrowth is detrimental for crystal quality. It was observed that the excess of HgI 2 results in somewhat longer crystals, however, some of them were unusable due to a partial surface contamination by HgI 2 .
Two Bi:HgI 2 ratios were used, 1:2 or 1:4, amounting to ca. 2 g in total. Silica ampoules 25 cm in length and 15 mm in diameter were dried under dynamic vacuum prior to use. Principal improvements over Ref. 22 included a smaller temperature gradient of 210/250ºC and longer experiment times, up to 20 days. The colder end of the ampoule was tilted upwards at ca. 25-30 degrees. Both batches produced crystals of β-Bi 4 I 4 with the same needle-like morphology. ! !
Sample characterization
Composition and structure of the crystal surface are decisive for subsequent ARPES studies; therefore we conducted comprehensive characterization of the obtained crystals by the following complementary methods, with the primary focus on possible non-stoichiometry and local disorder.
Scanning Electron Microscopy and Electron-Dispersive X-ray Spectroscopy were performed using a Hitachi SU8020 microscope with a triple detector system for secondary and low-energy backscattered electrons (U a = 2 kV). EDX spectra were collected using an Oxford Silicon Drift Detector (SDD) X-Max N and averaged over several dozens of crystals. Bi-M and I-L series were used for spectrum evaluation. Margins of errors are determined for each element and include the averaged error of each spectrum and the standard derivation of multiple spectra. Error propagation is considered for the molar ratio.
Average crystal composition: Bi: 52.5(1) at %; I: 47.5(5) at %.
No traces of mercury or mercury iodide were detected in samples used for further physical property measurements. A typical spectrum also contained signals of silicon, carbon and oxygen arising from glass shatters and from the sample stage. No significant variation in iodine content has been observed for the crystals.
X-ray single-crystal diffraction: α-and β-modifications of Bi 4 I 4 are reported to exist in different temperature intervals 20 ; however, they only differ in the packing of molecular chains, which are flipped with respect to each other in the α-phase, thus causing the doubling of the c axis. Occasional flips of the stacks or co-existing domains of two structures could hence be expected, especially given the non-equilibrium conditions of the crystal-growth (chemical transport reaction).
In order to investigate the possibility of local disorder, several single crystals were extracted from the batch and subjected to a X-ray diffraction study on an automated imaging plate diffractometer IPDS-II (STOE), Mo Kα -radiation, λ = 71.073 pm, T = 296(1) K; numerical absorption correction 37 based on optimized crystal descriptions 38 , structure solution with direct methods and refinements against F o 2 39,40 . Graphics of the structures were developed with Diamond software 41 .
The present structure refinement of β-Bi 4 I 4 is in full accordance with previously published data 20 . No superstructure reflections pointing towards doubling of unit cell parameters were observed (see generated reciprocal layers in Supplementary Fig. S1 ):
Data on structure refinement of β-Bi 4 The facets of the β-Bi 4 I 4 crystal were indexed (see Supplementary Fig. S2 ) using the X-SHAPE software 38 . The longest crystal facet runs along the direction of the crystallographic b axis. This information on the crystal habit was further used for ultramicrotomy and ARPES experiments. The nominal lamella thickness was ca. 50 nm, while locally crystalline flakes with a thickness of 5−15 nm were observed. High-resolution transmission electron microscopy (HRTEM) and selected area electron diffraction (SAED) studies were performed on a FEI Titan F20 microscope with C S -correction operating at 80 kV and at 300 kV. No significant beam damage was observed at higher voltage. For image acquisition, a 2k × 2k Slow-Scan CCDCamera (Gatan) was used. Image simulations were done with the JEMS software 42 .
The study establishes a high degree of ordering in β-Bi 4 I 4 crystals on the microscopic scale. Recorded images showed no stacking faults or occasional flips of the adjacent stacks of molecular chains (Supplementary Fig. S3 ). The characterization allows us to conclude that the synthesized crystals belong solely to β-Bi 4 I 4 , and shows no intergrown domains, stacking faults or any other deviations from the reported crystal structure. In addition, TEM experiments demonstrate that β-Bi 4 I 4 crystals can be cut by ultramicrotomy without damage or strain induction, e. g. thin lamellas (down to the thickness of 1 µm) of the compound can be prepared for further studies. Worth noting is that these samples do not exhibit prominent beam damage and do not quickly oxidize in air.
Electronic structure calculations
Description of computational methodology
The first-principles electronic structure calculations at the level of density functional theory (DFT) were performed employing the generalized gradient approximation (GGA) 31 as implemented in the Quantum ESPRESSO package 32 . Spin-orbit effects were accounted for using fully relativistic norm-conserving pseudopotentials acting on valence electron wavefunctions represented in the two-component spinor form 33 . The DFT-GGA calculations were carried out using an 8×8×6 k-point mesh and a planewave kinetic energy cutoff of 50 Ry for the wavefunctions. We used the experimentally determined crystal structure from Ref. 20 .
The many-body perturbation theory calculations within the GW approximation were performed using the BerkeleyGW code 34 . The quasiparticle self-energy corrections were evaluated at the G 0 W 0 level starting from non-relativistic DFT-GGA results using the approach of Hybertsen and Louie 27 . We employed a 6×6×4 k-point mesh, 2000 conduction bands and wavefunctions obtained using an increased planewave kinetic energy cutoff of 100 Ry for evaluating both the dielectric matrix and self-energy corrections. These parameters ensure convergence of the quasi-particle shift at the Y point with respect to the number of bands and cutoff is of the order of the meV. Supplementary Figure S4 shows the calculated quasiparticle self-energy corrections ΔE QP as a function Kohn-Sham eigenvalues E DFT for the valence (red) and conduction (blue) states. The calculated quasiparticle correction for the energy difference between the valence band and conduction band at the Y point is 0.428 eV (Supplementary Fig.  S4 ). We note a relatively weak dependence of ΔE QP on Kohn-Sham eigenvalues, which justifies the use of energy-independent quasiparticle shifts as an intensive parameter of the discussed topological phase diagram (Fig. 2g of the main text) .
, where t is the interlayer hopping matrix. Momentumresolved density of bulk states and momentum-resolved local density of states at the surface shown in Figs. 2e,f of the main text correspond to the imaginary part of the trace of G and g L respectively.
Supplementary Figure S4 . Quasiparticle self-energy corrections ΔE QP as a function of KohnSham eigenvalues E DFT for the valence (red) and conduction (blue) states of β-Bi 4 I 4 .
Discussion of Z 2 topological invariants
Owing to the centrosymmetric crystal structure of β-Bi 4 I 4 , its Z 2 topological invariants (ν 0 ;ν 1 ν 2 ν 3 ) can be evaluated following the simple recipe introduced by Fu and Kane 23 . For each time-reversal invariant momentum (TRIM) point Λ in the primitive Brillouin zone (BZ) we compute , where ξ 2i = ξ 2i + 1 is the parity eigenvalue of the pair of occupied degenerate bands 2i and 2i + 1. The values of δ Λ for the β-phase of Bi 4 I 4 are reported in Supplementary Table S1 . A change of sign of δ Λ between two TRIM points reveals the presence of a band inversion. The strong topological index ν 0 given by is non-zero if there is an odd number of band inversions in the bulk BZ. The three weak indices ν 1 , ν 2 and ν 3 are obtained from the product of δ Λ at 4 coplanar TRIM points in the BZ. The corresponding planes shown in Supplementary Fig. S5 give (−1)
In the absence of spin-orbit interactions both DFT and the GW approximation calculations predict the (0;000) topologically trivial phase. The spin-orbit coupling induces a band inversion at the M and Y points resulting in a weak topological insulator phase with Z 2 indices (0;001) when calculations are performed at the DFT level. However, in the GW approximation calculations the band inversion occurs only at the Y point of the BZ. This corresponds to the (1;110) strong topological insulator phase, also confirmed by the experiments reported in this work. 
